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Abstract. Let tp : (R, m) — » (S, n) be a local homomorphism of commutative 
nocthcrian local rings. Suppose that M is a finitely generated S-module. A 
generalization of Grothendieck's non-vanishing theorem is proved for M (i.e. 
the Krull dimension of M over R is the greatest integer i for which the ith 
local cohomology module of M with respect to m, H^(M), is non-zero). It is 
also proved that the Gorenstein injective dimension of M, if finite, is bounded 
below by dimension of M over R and is equal to the supremum of depth Rp , 
where p runs over the support of M as an JJ-module. 



Introduction 

Let R be a non-trivial commutative noetherian local ring. An i?-module M is 
called finite over a local homomorphism if there exists a local homomorphism of 
noetherian local rings R — ► S such that M is a finite (that is finitely-generated) 
S'-module and the iS-action is compatible with the action of R. Studied by Apassov, 
Avramov, Christensen, Foxby, Iyengar, Miller, Sather-Wagstaff and others, cf. [1, 
3, 5, 10, 13], homological properties of finite modules over (local) homomorphisms 
are shown to extend the those of finite modules. 

It is well-known that over a local ring, injective dimension of a finite module is 
either infinite or equals the depth of the ring and is not less than the dimension of 
the module. This is known as the Bass formula. 

A similar formula is also showed to be true for a module finite over a local 
homomorphism (cf. [5, 18, 14]). 

In this paper, we deal with Gorenstein injective dimension of a module which is 
finite over a local homomorphism. Introduced by Enochs and Jenda [11, 12], Goren- 
stein injective dimension is the dual notion to the G-dimension, due to Auslander 
and Bridger [2]. 

In [14] and [19], a generalized Bass formula is proved for finite modules of finite 
Gorenstein injective dimension. 

Theorem. Let R be a noetherian local ring and M be a finite module of finite 
Gorenstein injective dimension. Then 

dim R M < Gidfl(M) = sup{depthi? p | p e Supp fl (M)}. 

Our main goal is to extend this theorem to modules finite over a local homomor- 
phism. To this end, we provide some preliminary results. The most interesting 
one among them, is a generalization of the Grothendieck's non-vanishing theorem 
(Theorem 1.3). 
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Theorem. Let (i?, m) be a noethcrian local ring and M an i?-module finite over 
a local homomorphism. Then n = cUttirM is the greatest integer i for which the 
i-th local cohomology module H^(M) is non-zero. 

Using the auxiliary results, we prove our main theorem (Theorem 2.3) with similar 
techniques as in [14] and [19]. As a corollary, we also prove that if a local ring 
R admits a module M finite over a local homomorphism with finite Gorenstein 
injectivc dimension and maximal dimension over R, then R is Cohen-Macaulay. 
Convension. Throughout this notes all rings are assumed to be commutative, 
nothcrian and local. 

1. Local cohomology over a local homomorphism 

Let (R, m) be a noetherian local ring and M a finite i?-module of the Krull 
dimension n. Then the Grothendieck's non-vanishing theorem says that the local 
cohomology module H™(M) docs not vanish (cf. [6, 6.1.4]). In this section, we prove 
the same non- vanishing result for a module finite over a local homomorphism. First, 
we prove a couple of auxiliary lemmas. 

The main tool we use in our proofs in this paper, is the so-called Cohen factor- 
ization of a homomorphism. 

A local homomorphism tp : R — » S is said to have a Cohen factorization if it can 
be represented as a composition R — ► R' — ► S of local homomorphisms, where 
R' is a complete local ring, the map R — ► R' is flat with regular closed fiber 
R' /mR' and R' — > S is a surjective homomorphism. For any local homomorphism 
tp : (R, m) — > (S, n) its semi-completion tp' : R — > 5 — ► 5 admits a Cohen factoriza- 
tion (cf. [4]). 

Lemma 1.1. Let tp : (i?, m) — ► (<S*, n) 6e a flat local homomorphism. If M is an 
S-module, then 

Supp R (M) = {¥> _1 (<j) I q € Supps(M)} and 
Supps(M) ={qe Spec(S) | ^"^q) e ^ Wi? (Af)}. 

Proof. Suppose that q G Spec (5) and set p = ip^ 1 (q). Therefore tp induces a 
(faithfully) flat local homomorphism R v — > 5 q and the following isomorphisms 
hold. 

M p ® Rp S q ^ (M ® fl i? p ) ® fl> 5 q 
= M ® fl S 1 , 
S M®ji (S® s S q ) 
= M q ® R S 

If q G Supp s(M) then, tp being faithfully flat, Af q ®^ 5 and thus M p ®r p 5 q are 
non-zero. Hence p = <y5 _1 (q) G Suppa(M). 

On the other hand, if p G Supp^(M), using faithfully flatness of tp we can 
find a prime q G Spec (S) such that tp^ 1 (q) = p and the above isomorphisms give 
M q ®r S ^ and hence q G Supp s (A7). □ 

Lemma 1.2. Let tp : (i?,m) — > (5, n) be a flat local homomorphism and M a 
non-zero S-module. Then 

dimsM > dimftM + dimsS/mS. 
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Proof. First note that since ip is flat, every prime ideal of S which contains 
minimally, contracts to m via <p. Let q £ Spec (S) be one such prime. By Lemma 
1.1, q G Supps(M). 
Suppose that dim = n and 

po C ■ • • C p n = m 

is a maximal chain of prime ideals in Supp^(M). Since ip is flat and <£> _1 (q) = m 
we get a strict chain in Spec (S), 

q C • • • C q n = q 

such that (/? _1 (qi) = p, for < i < n. Using Lemma 1.1 again, this is a chain in 
Supps(Af) which gives the inequalities 

dim sM > dim s q M q + dim S S/ q > n + dim sS/q. 

In particular, we can choose q such that dimsS'/mS' = dims5/q to get the desired 
inequality. □ 

Now we are ready to prove the main theorem of this section. 

Theorem 1.3. Let p> : (R, m) — > (S 1 , n) be a local homomorphism and M a non-zero 
finite S -module. Ifn= dim^M then 

Proof. First suppose that tp is a flat homomorphism. 

As in the proof of Lemma 1.2, we pick a prime q G Supps(M) which contains mS 
minimally. Therefore, the induced homomorphism R —> S q is faithfully flat and has 
zero-dimensional fiber S q /mS q . Furthermore, the inequality dim s q M q > dim^M 
holds. 

On the other hand, the isomorphism H l m (M q ) = H q s q (M q ) holds for every i > 0. 
Since M q is a finite Sq-module, (M q ) ^ for d — dimg^Mq and therefore we 
get dim s ,A/ q < dim^Afq. 

Note that Suppfl(M q ) C Supp r(M) and hence 

dimg^Mq < dim^Mq < dim rM < dims^Afq. 

Thus the equality dims Af q = dim^M = n holds. 

Finally, the following isomorphisms give the desired non-vanishing in this case. 

H£(M,)SH£ Sq (M q )9*H£(M) ® R S q 

In general, R — > S — > S admits a Cohen factorization R — > i?' — > S. Since M 
is finite over 5 1 , so is M = M ®s S as an 5-module and thus as an i?'-modulc. 
It is also easy to see that Supp/{(M) = Supp r(M) and consequently we have 
dim rM = dim rM = n. So using the first part of the proof, we get 

H£(M) * 0. 

Using the isomorphisms 

H£(M)-H^(M)-H£ S (M) 
we conclude that H" iS (M) = H™ (M) is non-zero. 

□ 



4 



LEILA KHATAMI, MASSOUD TOUSI, AND SIAMAK YASSEMI 



2. A Generalized Bass Formula 

This section is dedicated to proving a Bass-type formula for a module which is 
finite over a local homomorphism and has finite Gorenstein injective dimension. 

Definition 2.1. An R-module G is said to be Gorenstein injective if and only if 
there exists an exact complex of injective R-modules, 

1 = > l<i * I\ *• Iq ► J_i » 7_2 — > • • • 

such that the complex Hom R (J,I) is exact for every injective R-module J and G 
is the kernel in degree of I . The Gorenstein injective dimension of an R-module 
M , Gid r(M) , is defined to be the infemum of integers n such that there exists an 
exact sequence 

-> M -> G -> G-i -> > G- n -> 

with all Gi 's Gorenstein injective. 

Proposition 2.2. Let tp : (R, m) — ► (S, n) be a local homomorphism and M a finite 
S-module. If p G Supp R (M) then M p /pM p ^ 0. 

Proof. First suppose that tp admits a Cohen factorization R — > R' — > 5. Since 
i?' — > 5 is surjective, M is also finite as an i?'-module. Thus we can assume that ip 
is flat. By Lemma 1.1, there exists a q G Supp s(M) such that (^ _1 (q) = p. 
By NAK we have M q /pM q ^ 0. Since M q /pM q ^ (T- 1 M/pT- 1 M) T -i q , where 
T = cp(R- p), we get M p /p7\/ p = T^M/pT^M ± 0. 

In general i? — > S — > 5 admits a Cohen factorization. If p G Supp^(M) then 
p e Supp R (M®sS) as well and then, setting M = M® S S, we have M p /pM p ® s S = 
il/p/pMp 7^ and we are done. □ 

Theorem 2.3. Let R be a noetherian local ring and M be an R-module finite over 
a local homomorphism with Gid R (M) < oo. Then 

dim R M < Gid R (M) = sup{depthR p |p G Supp R (M)}. 

Proof. To prove the first inequality we use the proof of [15, 3.4] to see that Hj n (M) = 
for i > Gidfl(M). Thus, by Theorem 1.3, we have 

dim fi M < Gid R (M). 
To prove the formula, we use [9, 2.18], to get an exact sequence 

-> K -> L -> M -> 
with A' Gorenstein injective and inj.dim^(L) = Gid^(Af). By [7], we have 

inj.dim^(L) = sup{dcpth_R p — width Rf L p | p G Supp R (L)}, 
where width Rf M p = inf{ i |Torf p (R p /pR p ,M p ) ^ 0}. 

For any p G Supp^(M), we get an exact sequence L p /pL p — > M p /pM p — > 
which gives L p /pL p ^ 0, by Proposition 2.2. Therefore we have 

sup{depthi?p — width Rf L p \ p G Supp^(L)} > 
sup{dcpthi? p — width Rp L p \ p G Supp^(M)} = 
sup{depthi? p | p G Supp R (M)} > 0. 

This proves the desired formula for M a Gorenstein injective i?-module. 
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For any p £ Supp r(L) — Suppn(M), we get L p = K p . Since K is Gorenstein 
injcctive, there exists an exact sequence 

> h I -» L p 0, 

where for each £ > 0, Ig is an injective i?p-modulc. 

Set = ker(/^_i — > ). Then for any i? p -module T with proj.dim # (T) = £ < oo 
we have Ext^ (T, L„) = Ext l +*(T,K t ) = for i > 0. Thus, by [8, 5.3(c)], we get 

depth R p — width r p L p < 0. 

Therefore, if Gidn(M) = inj.dim#(X) > then we have 

Gid fl (M) =inj.dim fl (X) = 
sup{depthi? p — width R f L p \ p G Supp R (L)} = 
sup{dcpthi?p — width R p L v \ p G Suppij(M)} = 
sup { depth i? p |p e Supp j R(Af)}. 

□ 

The following corollary of Theorem 2.3, gives a sufficient condition for Cohen- 
Macaulayness of a noetherian local ring. This result generalizes [17, 3.5] as well as 
[19, 1.3]. 

Corollary 2.4. Let R be a local ring and M an R-module finite over a local ho- 
momorphism. If M has finite Gorenstein dimension and maximal Krull dimension 
over R (i.e. Gida(M) < oo and dim^M = dimR), then R is Cohen- Macaulay. 

Proof. By 2.3, there is a prime ideal p £ Supp r(M) such that 

dimi? = dim R M < Gid R (M) = depth R p < dimi? p < dimi?. 

Therefore, p must be the maximal ideal of R and thus R is Cohen-Macaulay . □ 

Corollary 2.5. Let R be an almost Cohen-Macaulay local ring (i.e. dim(R) — 
depth (R) < 1) and let M be an R-module finite over a local homomorphism. If M 
has finite Gorenstein injective dimension over R then GidR(M) = depth R. 

Proof. It is enough to use Theorem 2.3 and the fact that over an almost Cohen- 
Macaulay ring R the inequality depth R p < depth R q holds for p C q in Spec (R). 

□ 

Note that Corollary 2.5 can be considered as a generalized Bass formula for 
Gorenstein injective dimension. 

We conclude this paper with a change of ring result for Gorenstein injective 
dimension . 

Corollary 2.6. Let (R, m) be a local ring and M be an R-module finite over a local 
homomorphism. If x £ m is an R- and M -regular element, then 

Gid r/ x r(M / xM) < Gid r(M) - 1. 

Furthermore, the equality holds when R is almost Cohen-Macaulay and Gid r{M) < 
oo. 
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Proof. If M has finite Gorenstein injective dimension over R then the proof of [16, 
Lemma 2] shows that Gid r/ x r(M/xM) < oo, too . By 2.2, for any p £ Suppfl(M) 
with x £ p, the -Rp-module M v /xM v is non-zero. Therefore, 

Supp R / xR (M/xM) = {p/xi?|p € Supp_R(M) with x e p}. 

Thus Theorem 2.3 gives the desired inequality. In the case of an almost Cohcn- 
Macaulay base ring the equality is a consequence of 2.5. □ 
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